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Abstract
For operators T with the property TX1 ⊂ TX which in addition satisfy a spectral condition we
consider conditions under which the restriction of T to a closed invariant subspace also satisfies the
same inclusion on the subspace.
 2003 Elsevier Inc. All rights reserved.
1. Introduction
We shall consider conditions under which a bounded linear operator T on a Banach
space X with the property TX1 ⊂ TX also satisfies the condition T Y 1 ⊂ T Y , where Y is
a closed T -invariant subspace. This is not true in general; for example, T ∗∗ on the second
dual space of X has this property but T may not have it. If T is Tauberian (see Defin-
ition 1) then TZ1 ⊂ T Z for all closed linear (not necessarily T -invariant) subspaces Z.
This follows from [12, Theorem 2.3]. We shall consider operators for which zero is a
boundary point of the spectrum such that for some sequence {λn} converging to zero in the
(unbounded component of) resolvent set{∥∥λn(λn − T )−1∥∥} is bounded as n→∞.
For example, if S is an operator with ‖S‖ = 1 and if 1 is in the spectrum of S then 0 is a
point in the spectrum of I − S with this property. We assume in Theorems 1 and 2 that T
satisfies the spectral condition above and that T is relatively Tauberian, i.e., TX1 ⊂ TX. In
Theorem 1 we prove equivalent conditions for T |Y to be relatively Tauberian. In Theorem 2
we prove equivalent conditions for T |Y to be relatively Tauberian for every closed invariant
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that (I − T )X1 ⊂ (I − T )X, that is I − T is relatively Tauberian (see Definition 1 and
Lemma 1), then (I − T )|Y has also the same property whenever Y is a closed invariant
subspace of T . This result follows from Theorem 2. By Theorem 2, we also have the
following converse: If (I −T )|Y is relatively Tauberian for every closed invariant subspace
Y of T then T is mean ergodic. In Section 4 we prove that if a T -invariant subspace is the
range of an L-projection and if also ‖λn(λn − T )−1‖→ 1, then the property TX1 ⊂ TX
is inherited to the restriction.
Let X be a complex Banach space. We denote by X1 = {x ∈ X: ‖x‖  1} the closed
unit ball of X and by Xˆ the canonical image of X in the second dual space of X. Let B(X)
be the space of all bounded linear operators on X.
If A is a closed linear operator on X with domain D(A) then we denote by ρ(A) the
resolvent set of A and by R(α,A) the resolvent (αI − A)−1, whenever α ∈ ρ(A). Let T
be a bounded linear operator on X.
Definition 1. (i) The operator T is relatively Tauberian, if T ∗∗F ∈ Xˆ implies that F ∈
Xˆ+Ker(T ∗∗).
(ii) The operator T is Tauberian, if T ∗∗F ∈ Xˆ implies that F ∈ Xˆ.
In [5] Kalton and Wilansky defined Tauberian operators.
It follows from the definition above, that a relatively Tauberian operator T is Tauberian
if and only if Ker(T ∗∗) ⊂ Xˆ. The following lemmas follow from Definition 1 ([11] and
[3]). We do not assume T to be injective as in [11].
Lemma 1. The following conditions are equivalent:
(i) T is relatively Tauberian.
(ii) TX1 ⊂ TX.
(iii) Ker(Tq)= {G+ Xˆ: G ∈Ker(T ∗∗)}, where Tq is the quotient operator on the quotient
space X∗∗/Xˆ defined by Tq(F + Xˆ)= T ∗∗F + Xˆ for each F ∈X∗∗.
Lemma 2. The following conditions are equivalent:
(i) T is Tauberian.
(ii) If {xn} is a bounded sequence in X and {T xn} is weakly convergent then {xn} has a
weakly convergent subsequence.
(iii) Tq is injective.
Remark 1. Injective relatively Tauberian operators are the same as Fσ -injections in [12].
On the Banach space c0 they have closed range [9].
In the following we consider the range of a closed linear operator A. Assume that
ρ(A)⊃ {λ ∈R: λ > 0} and ‖αR(α,A)‖ M (α > 0) for some constantM > 0. If y =Ax
then the set {R(α,A)y, α > 0} is bounded since R(α,A)y = (αR(α,A)− I)x . In [16] is
given an example where {R(α,A)y, α > 0} is bounded and y /∈AD(A). Another example
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on the space X = l1(Z) and a subspace Y is defined such that (T − I)X ⊂ Y . The operator
S = (T − I)|Y is not relatively Tauberian. Moreover ‖α(α− S)−1‖ 1 for α > 0. If z /∈ Y
and y = (T − I)z, then the set {(α − S)−1y, α > 0} is bounded and y /∈ SY = (T − I)Y
since T − I is injective.
Proposition 1. The following conditions are equivalent:
(i) The operator AR(α,A) is relatively Tauberian for some α > 0 (equivalently for all
α > 0).
(ii) If y ∈ X, and {(αn − A)−1y} is a bounded sequence in X for some sequence {αn} of
positive numbers converging to zero then y ∈AD(A).
Proof. Assume that (ii) holds and let {xn} be a bounded sequence such that AR(α,A)xn
→ x . For any β > 0,
R(β,A)x = lim
n→∞AR(β,A)R(α,A)xn
and ∥∥AR(β,A)∥∥= ∥∥βR(β,A)− I∥∥M + 1.
Therefore the set {R(β,A)x: β > 0} is bounded. From (ii) now follows that x =
AR(α,A)v for some v ∈X. Hence we have proved that (ii) implies (i). Conversely, assume
that AR(α,A) is relatively Tauberian, y ∈ X and {R(αn,A)y} is a bounded sequence for
some sequence {αn} of real numbers with limn→∞ αn = 0. Since(
AR(α,A)
)
R(αn,A)y =AR(αn,A)R(α,A)y
= αnR(αn,A)R(α,A)y −R(α,A)y→−R(α,A)y
as n→∞, there is a vector v ∈ X such that R(α,A)y = AR(α,A)v. Then R(α,A)y =
αR(α,A)v − v, which implies that v ∈D(A). As R(α,A)y = R(α,A)Av and R(α,A) is
injective, it follows that y =Av. ✷
Let, in particular, A be the generator of a strongly continuous uniformly bounded semi-
group T (t) on X. Then whenever the operator AR(α,A) is relatively Tauberian for some
α > 0, the following three conditions are equivalent. This result is a generalization of Shaw
[16, Corollary 6] where the equivalence was proved in the case that T (t) is compact for all
t > 0 and in the case that T (t) is a semigroup of contractions on an L1(S,
∑
,µ)-space,
where µ is a σ -finite measure.
Proposition 2. Let T (t), t  0, be a strongly continuous uniformly bounded semigroup on a
Banach space X. Assume that the operator AR(α,A) for some (equivalently for all) α > 0
is relatively Tauberian. Let St , t > 0, be the operator on X defined by Stx =
∫ t
s=0 T (s)x dsfor x ∈X. Then the following conditions are equivalent:
(i) {Sty, t > 0} is bounded.
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(iii) y ∈AD(A).
Proof. For the proof of (i) ⇒ (ii) see [16, Corollary 6]. By Proposition 1, (ii) implies (iii).
Finally, (iii) implies (i) since ASt = T (t)− I . ✷
2. Main theorems
In this section, we consider restrictions of relatively Tauberian operators to closed in-
variant subspaces. Let T be a bounded operator on a Banach space X. Let ρ∞(T ) be the
unbounded component of the resolvent set of T .
Definition 2. Let P∞(T ) (respectively, P(T )) be the set of points λ in the boundary of
the spectrum of T such that for some sequence {λn}∞n=1 ⊂ ρ∞(T ) (respectively, {λn}∞n=1 ⊂
ρ(T )) such that λn→ λ and{∥∥(λn − λ)(λn − T )−1∥∥} is bounded as n→∞.
Remark 2. (a) If {λn} ⊂ ρ(T ) and ‖(λn − λ)(λn − T )−1‖ → 1 as n→∞ then λ is a
proper boundary point as defined by Schechter. Boundary points of the spectrum which
also are on the boundary of the numerical range are proper boundary points (see [10], for
the case of a Hilbert space see [15]).
(b) It is obvious that λ ∈ P∞(T ) is equivalent to 0 ∈ P∞(T − λI). We consider mainly
operators with 0 ∈ P∞(T ).
(c) Let 0 ∈ P∞(T ) and let Wn = λn(λn − T )−1 be operators defined as in Definition 2
with limn→∞ λn = 0. Then TWn = λnT (λn − T )−1 = λn(Wn − I)→ 0 as n→∞. Let
Vn = I − Wn. Then T Vn → T and the sequence {Vn} is uniformly bounded. If Y is a
closed invariant subspace for T then ρ∞(T )⊂ ρ∞(T |Y ). This implies (λn − T )−1Y ⊂ Y
for each n (see Theorem 1.29 and the preceding lemma in [1]).
The restriction of a Tauberian operator to a closed invariant subspace is Tauberian. The
same does not necessarily hold for relatively Tauberian operators.
Theorem 1. Suppose that T is a relatively Tauberian operator on a Banach space X,
0 ∈ P∞(T ) and Y is a closed invariant subspace of T . Then the following conditions are
equivalent:
(i) T |Y is relatively Tauberian.
(ii) Ker(Tq)=Ker(T )+Y , where Tq is the quotient operator on the quotient space X/Y .
(iii) TX ∩ Y = T Y .
Proof. We show that (i) and (ii) are equivalent. It is easy to see the equivalence of (ii) and
(iii).
(i) ⇒ (ii) Assume that T |Y is relatively Tauberian and T x ∈ Y for some x ∈ X.
Since 0 ∈ P∞(T ), there is a bounded sequence {Vn}, Vn = −T (λn − T )−1 of opera-
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(λn − T )−1Y ⊂ Y , it follows that Vnx ∈ Y for each n. By assumption T |Y is relatively
Tauberian. Hence T x = Ty for some y ∈ Y . Therefore x = v + y for some v ∈ Ker(T ).
This shows that Ker(Tq)⊂Ker(T )+ Y . The converse inclusion is obvious.
(ii) ⇒ (i) Assume that {yn} is a bounded sequence in Y and Tyn → y . Since T is
relatively Tauberian, there is an element x ∈X such that y = T x . Then x + Y ∈ Ker(Tq).
By assumption (ii), x = u+ z for some u ∈Ker(T ), z ∈ Y . Now y = T x = T z and we have
proved that T |Y is relatively Tauberian. ✷
Example 1. Let T be the forward bilateral shift operator on the Banach space l1(Z) defined
by T en = en+1 (n ∈ Z). Let F be the continuous linear functional F((xn))=∑∞n=−∞ xn
on l1(Z). The range of T −I is contained in Ker(F ). Since T is the adjoint of the backward
shift on c0(Z), T − I is relatively Tauberian, but (T − I)|Ker(F ) is not (by Theorem 1).
Remark 3. If T is an operator with the property ρ(T ) ⊂ ρ(T |Y ), i.e., σ(T |Y ) ⊂ σ(T ),
then the set P∞(T ) in Theorem 1 can be replaced by P(T ). The inclusion ρ(T )⊂ ρ(T |Y )
is valid, for example, if there is a projection onto Y which commutes with T (see, for
example, [1, Proposition 1.37]).
In Example 1 the operator T −I is injective and it is obvious that X = (T − I)X, where
X = l1(Z). For an operator T which satisfies the assumptions in Theorem 1,X =Ker(T )⊕
TX implies that T restricted to any closed invariant subspace is relatively Tauberian and
also the converse is true.
Theorem 2. Suppose that T is a relatively Tauberian operator on X and 0 ∈ P∞(T ). Then
the following conditions are equivalent:
(i) T |Y is relatively Tauberian for every closed T -invariant subspace Y .
(ii) T |TX is relatively Tauberian.
(iii) X =Ker(T )⊕ TX.
Proof. It is obvious that (i) implies (ii). We show that (ii) implies (iii). Assume that T |TX
is relatively Tauberian and let x ∈X. Since T x = limn→∞ T Vnx and {Vnx} is a bounded
sequence contained in the range of T , it follows that T x = T v for some v ∈ TX. Since
T (x − v)= 0, x = u+ v, where u ∈Ker(T ) and v ∈ TX.
We show finally that (iii) implies (i). Suppose that X = Ker(T ) ⊕ TX. Let Y be a
closed subspace, invariant for T , and let {yn} be a bounded sequence in Y such that the
sequence {Tyn} converges to some element y . Since T is relatively Tauberian, y = T x for
some element x ∈X. We will show that y = T v for some v ∈ Y . Let P be the projection
with PX = Ker(T ) and with Ker(P ) = TX. Let Vn be the operators defined as in the
proof of Theorem 1. Since T x ∈ Y , we conclude that Vnx ∈ Y for every n= 1,2, . . . and
since (I − P)x = limn→∞ Vn(I − P)x = limn→∞ Vnx, (I − P)x ∈ Y . Now y = T x =
T (I − P)x and (i) follows as required. ✷
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mark 2(c). We can assume that ‖Wn‖K for n 1.
(1) ‖u‖K‖u+ T x‖ (u ∈Ker(T ), x ∈X).
(2) The subspace Ker(T )⊕ TX is closed.
(3) y ∈Ker(T )⊕ TX if and only if the sequence {Wny} converges in X.
The inequality in (1) is a consequence of the following: If u ∈Ker(T ) and ‖u‖ = 1, let
f ∈X∗ such that ‖f ‖ = f (u)= 1. Then (W∗n f )(u)= 1 and∣∣1+ f (WnT x)∣∣= ∣∣(W∗n f )(u+ T x)∣∣ ∥∥W∗n f ∥∥‖u+ T x‖K‖u+ T x‖
(n ∈N, x ∈X). As n→∞ we obtain the required inequality.
(2) follows from (1) and the closed graph theorem.
The proof of (3) is straightforward.
Remark 4. There are examples which show that the condition X=Ker(T )⊕TX does not
necessary imply that T would be relatively Tauberian ([8, Example 1], [6, Example 2.3];
in [6] we choose T = AR(α,A) and apply Proposition 2). The stronger assumption in the
following corollary is however sufficient.
Corollary 1. Let T be a relatively Tauberian operator on X∗∗ such that 0 ∈ P∞(T ), X∗∗ =
Ker(T )⊕ TX∗∗ and T Xˆ ⊂ Xˆ. Then T |
Xˆ
is relatively Tauberian.
Corollary 1 follows from Theorem 2.
In particular, if an operator T on X satisfies the conditions that 0 ∈ P∞(T ) and X∗∗ =
Ker(T ∗∗)⊕ T ∗∗X∗∗, then T ∗∗|
Xˆ
, which is equal to T , is relatively Tauberian.
As a corollary to Theorem 2 we obtain a result of Fonf et al. [2]. They considered power-
bounded operators. An operator T is power-bounded if ‖T n‖ K for some real number
K and for n= 0,1, . . . . The condition
(I − T )X =
{
z ∈X: sup
n
∥∥∥∥∥
n∑
k=0
T kz
∥∥∥∥∥<∞
}
(∗)
is shown in [2] to be equivalent to the inclusion (I − T )X1 ⊂ (I − T )X, i.e., the operator
I −T is relatively Tauberian. The necessity of condition (1) in the following corollary was
proved in [2, Proposition 3.8]. An operator T is called mean ergodic if X =Ker(I − T )⊕
(I − T )X.
Corollary 2. Assume that an operator T on a Banach space X is power-bounded and the
operator I − T is relatively Tauberian. Then T is mean ergodic if and only if
(I − T )|Y is relatively Tauberian
whenever Y is a closed T -invariant subspace of X. (1)
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that 1 ∈ σ(T ). Since T is power-bounded it satisfies the inequality∥∥(λ− T )−1∥∥ K|λ| − 1 (|λ|> 1), (2)
by [13]. Now 0 ∈ P∞(I − T ) and the result follows from Theorem 2. ✷
Remark 5. A power-bounded operator T satisfies even the inequalities∥∥(λ− T )−n∥∥ K
(|λ| − 1)n
(|λ|> 1, n= 1,2, . . .), (3)
but (3) does not necessarily imply that T would be power-bounded (McCarthy, 1971, see
[13]).
3. Semigroups of operators
We consider next strongly continuous semigroups of operators on a Banach space X.
For properties of operator semigroups see, for example, [14].
Proposition 3. Assume that A is an unbounded generator of a strongly continuous uni-
formly bounded semigroup on X and R(α,A), where α > 0, is the resolvent of A. Then
0 ∈ P∞(R(α,A)).
Proof. Let t > 0 and α > 0. Then(
t +R(α,A))X = (t (α−A)+ I)D(A)= (t (α+ 1/t −A))D(A)=X.
Hence the operator t +R(α,A) is surjective. It is also injective, since R(α,A)x =−tx for
some x implies that x ∈D(A) and x =−t (α−A)x . It follows that Ax = (1/t +α)x . This
implies that x = 0.
It follows that the operator t + R(α,A) is invertible for any t > 0. Hence {t ∈ R:
t > 0} ⊂ ρ∞(R(α,A)). Since the semigroup is bounded, there is a constant K such that∥∥βR(β,A)∥∥K for every β > 0. (4)
It is easy to see that
t
(
t +R(α,A))−1 = (α −A)(α+ t−1 −A)−1 = I − t−1(α + t−1 −A)−1 (5)
for any t > 0. It follows from (4) and (5) that∥∥t(t +R(α,A))−1∥∥ 1+ t−1(α + t−1)−1K = 1+ (αt + 1)−1K < 1+K
for every t > 0. Then ‖s(s − R(α,A))−1‖ < 1 + K (s < 0). This proves the claim that
0 ∈ P∞(R(α,A)). ✷
We apply Theorem 2 to a strongly continuous uniformly bounded semigroup T (t),
t > 0, on X with generator A. Let X¨=R(α,A)∗∗X∗∗ (α > 0). Moreover
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which can be proved using the resolvent equation.
Corollary 3. Let T (t), t > 0, be a strongly continuous uniformly bounded semigroup. Then
the following conditions are equivalent:
(i) R(α,A)∗∗|X¨ is relatively Tauberian.
(ii) X∗∗ = Ker(R(α,A)∗∗)⊕R(α,A)∗∗X∗∗.
Proof. We can assume that 0 ∈ σ(R(α,A)). The equivalence of (i) and (ii) follows from
Theorem 2 and Proposition 3. ✷
We obtain as a corollary the following result which was included in Theorem 4 in
[11]. A projection Q was constructed in [11]. It commutes with R(α,A)∗∗ and Ker(Q)=
Ker(R(α,A)∗∗) for each α > 0.
Corollary 4. Let A be the generator of a strongly continuous uniformly bounded semi-
group. If Q(X∗∗)=X¨ then R(α,A), α > 0, is relatively Tauberian.
Proof. The assumption Q(X∗∗)=X¨ is equivalent to
X∗∗ =Ker(R(α,A)∗∗)⊕R(α,A)∗∗X∗∗.
We can assume that 0 ∈ σ(R(α,A)). The result follows from Corollary 1 and from Propo-
sition 3. ✷
4. Operators on L-embedded Banach spaces
A Banach space X is called L-embedded if there is an L-projection on the second
dual space of X onto the canonical image of X. This class of Banach spaces includes for
example predual spaces of W∗-algebras and dual spaces of M-embedded spaces. We refer
to Li [7] and to Harmand et al. [4] for an account of L-embedded spaces and to [2,6,8] for
results on contractions on L1(S,
∑
,µ)-spaces, where (S,
∑
,µ) is a measure space and µ
is a σ -finite measure.
In the next theorem and corollary we assume that 0 ∈ P∞(T ). As before, we write
Wn = λn(λn − T )−1, where λn→ 0 and the sequence {Wn} is uniformly bounded.
Theorem 3. Suppose that T is a relatively Tauberian operator on a Banach space X,
0 ∈ P∞(T ) and ‖Wn‖ → 1 as n→∞. If P is an L-projection on X and T PX ⊂ PX,
then T |PX is relatively Tauberian.
Proof. Assume that T x ∈ PX for some x ∈X. Then T (I −P)x = T x− T Px ∈ PX. Let
T (I − P)x = v. We have now
Wn(I − P)x =
(
I + T (λn − T )−1
)
(I − P)x = (I − P)x + (λn − T )−1v.
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and ‖Wn‖→ 1 as n→∞, it follows that (λn−T )−1v→ 0. This implies that T (I−P)x =
v = 0 and we have T x = T Px . The result now follows from Theorem 1. ✷
Remark 6. We have actually in the previous theorem TX1 ∩ PX = T (PX)1.
If T is a contraction on an L1-space then (I − T )X1 is closed (see [2,8]). We extend
this result to L-embedded Banach spaces and to a more general class of operators.
Corollary 5. Suppose that X is an L-embedded Banach space and T is a bounded linear
operator on X such that 0 ∈ P∞(T ) and ‖Wn‖→ 1 as n→∞. Then TX1 is closed.
Proof. By Remark 6,
T ∗∗(X∗∗)1 ∩ Xˆ= T̂ X1. (∗∗)
Assume that T xn→ x for some sequence {xn} in X with ‖xn‖ 1. Since the unit ball
in X∗∗ is weak∗-compact, xˆ = T ∗∗F for some F ∈ (X∗∗)1. By (∗∗), x ∈ TX1. ✷
An operator is dissipative, if its numerical range is contained in the left half-plane. It
follows from Corollary 5 in particular, that if T is a dissipative operator on an L-embedded
Banach space then TX1 is closed (see also Remark 2(a)).
Finally, we obtain a generalization of Corollary 6 in [16] to L-embedded Banach spaces.
Corollary 6. For any strongly continuous semigroup of contractions T (t), t  0, on an
L-embedded Banach space X the operators AR(α,A), α > 0, are relatively Tauberian.
Further the conditions
(i) {Sty, t > 0} is bounded,
(ii) {R(α,A)y,α > 0} is bounded,
(iii) y ∈AD(A)
are equivalent for y ∈X.
Proof. Since ‖αR(α,A)‖  1 by the Hille–Yosida theorem, the operators AR(α,A) =
αR(α,A)− I are dissipative. It follows from Corollary 5 that they are relatively Tauberian.
The equivalence of (i)–(iii) now follows from Proposition 2. ✷
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